The conservation laws for a class of nonlinear equations with variable coefficients on discrete and noncommutative spaces are derived. For discrete models the conserved charges are constructed explicitly. The applications of the general method include equations on quantum plane, supersymmetric equations for chiral and antichiral supermultiplets as well as auxiliary equations of integrable models -principal chiral model and various cases of nonlinear Toda lattice equations.
Introduction
Our aim is to present the procedure of derivation of the conservation laws and consequently the conserved charges for a certain class of nonlinear equations with variable coefficients. In the classical field theory the conserved currents and charges follow from the Noether theorem and are connected with the symmetry of the action. In the case of linear equations of motion with constant coefficients the construction of conserved currents by Takahashi and Umezawa method [26] can be applied.
In the previous papers [10, 11, 12, 13] we have extended this procedure to the linear equations on discrete and noncommutative spaces including quantum Minkowski [22, 23, 24] and braided linear spaces [17, 18, 19, 20] . It appears however that we can consider in a similar way a wide class of equations with variable coefficients built within framework of any differential calculus with the Leibnitz rule for partial derivatives deformed via the transformation operator which is multiplicative and invertible. The range of admissible spaces includes the classical space-time with continuous coordinats, the discrete space, the mixed space with discrete and continuous coordinates, superspace including space-time and spinor coordinates, quantum Minkowski and braided linear spaces (with q-Minkowski as a special case). The equations we shall investigate have the variable coefficients which fulfill the corresponding restriction (3) including the conjugated derivatives. The possibility of derivation the conservation laws for some equations with variable coefficients on noncommutative spaces was indicated earlier [12, 13] but the proposed conditions for coefficients were too strong to construct usefull examples. In constrast the new condition (as we show explicitly in the applications) appears to be identical with the nonlinear equations of some of the integrable models for which we derive the conserved currents via the auxiliary linear equations with variable coefficients. Resuming the proposed method can be applied to nonlinear models in two ways namely we can consider the equation with nonlinear term free from the derivatives (in form of the potential) or alternatively we investigate the auxiliary linear equations with variable coefficients for nonlinear integrable models. The paper is organized as follows: the section 2 contains the description of the investigated models and the derivation of the conservation laws. In section 3 we extend the procedure to discrete and mixed discrete and continuous models including both types of derivatives initial ∂ and its conjugation ∂ † . For this class of equations we add the construction of conserved charges following the classical method of integrating the time-component of the conserved current over the subspace excluding the time-coordinate. This result is due to the fact that for the discrete and classical differential calculi the definite integral over mentioned subspace is known to commute with timederivative (64). The section 4 includes applications of the derived procedure. We start with a simple example of an equation of the second order with variable coefficients on quantum plane, then we consider the conserved currents and charges for a pair of chiral and antichiral supermultiplts on D=4 N=1 superspace connected via nonlinear equation of motion. This section is closed with a review of conservation laws and conserved charges for a range of integrable models. We apply our method to the principal chiral model equations and their auxiliary linear equations. In this example only the classical commutative derivatives are involved; nevertheless it illustrates well the connection between the imposed condition (3) and the initial nonlinear (in this case the principal chiral model) equation. The next model is the nonlinear Toda lattice equation for which we use our results for mixed discrete and continuous spaces in order to write explicitly the conserved currents and charges.
Nonlinear equations with variable coefficients and their conservation law
In the previous papers we discussed the conservation laws for linear equations with constant coefficients for discrete differential calculus [10, 11] as well as for a wider category of equations acting on noncommutative spaces namely on quantum Minkowski spaces [12, 15] and the braided linear ones [13, 14, 16] . Now we would like to present our results for an extended class of equations with variable coefficients of the form:
where coefficients (may be matrices) fulfill the condition:
for l = 1, ..., N and with the conjugated derivative described below (23) . We include into considerations the nonlinear equations provided the only nonlinear term does not depend on derivatives that means:
As will be shown in the sequel this class of equations contains the equations of motion for supersymmetric models in superfield formulation as well as auxiliary linear equations yielded by nonlinear integrable models as for example Toda lattice equations or principal chiral model equations (the last being an example built using classical commutative derivatives). Our construction presented below in Propositions 2.1 and 2.2 holds for any differential calculus with the following deformation of the Leibnitz rule:
where ζ is the invertible transformation operator. Starting with the classical commutative differential calculus (for which ζ is the identity operator) we can include the discrete differential calculus with derivatives defined by one of the formulas:
where k denotes the position on the lattice in the direction i. The first one is widely used in the discrete models and measures the difference between the values of the function between two points of the lattice in the given direction i while the second one (introduced [10, 11] ) is a quotient of the change of value of the function over the distance between the two neighbouring points of the lattice taken in the direction i. Both types of the derivatives obey (5) with the transformation operator being the shift operator along the lattice in the direction i:
where k in the above formula denotes the value of the i-th coordinate of the point on the lattice. It is clear that we can also include mixed models depending both on classical commutative derivatives with respect to continuous coordinates and discrete derivatives (6) or (7) with respect to lattice dimensions. The Leibnitz rule of the form (5) is also characteristic for noncommutative spaces. We have checked [12, 13] that for quantum Minkowski spaces and for braided linear spaces (including the q-Minkowski space) it is given by the formula (5) with transformation operators determined by their multiplicity property:
and the action on monomials of the first order:
The first of the above formulas is valid on the quantum Minkowski and the second on the braided linear space with R being the matrices fulfilling the QYBE [24, 17] . For quantum Minkowski spaces introduced by Podleś and Woronowicz the R matrix is selfinvertible R 2 = 1 and for braided linear spaces developed by Majid it is bi-invertible:
Let us notice that the important category of models on noncommutative spaces are supersymmetric models in the superspace formulation. In this framework the noncommutative space is divided into the classical commutative Minkowski space coordinates x (with corresponding indices and metric) and the spinor coordinates θ (we shall not specify below the type of spinors -Majorana or Weyl). For all equations within this class the part connected with space-time is described using the classical commutative differential calculus while for spinor coordinates we have anticommuting derivatives. The first part of the components of the transformation operator looks as follows:
where for the supersymmetric models we have denoted the space-time indices as µ, ν while we use α and β as spinor indices (Weyl or Majorana). The only nontrivial part of the transformation operator for the supersymmetric models are the components which act between the spinor indices namely for the monomials of the first order they are of the form:
We can extend the supersymmetric transformation operator to an arbitrary function by its multiplicity property (9) . For all the considered differential calculi (discrete, supersymmetric, quantum Minkowski and braided) the transformation operators have one common feature namely they are invertible; for discrete models with derivatives (6) or (7) the inverse operators are simply backshift operators in the given direction while for noncommutative models the inverses are given by their multiplicity property: ζ
together with their action on monomials of the first order:
whereR is the second inverse of the R matrix characteristic for braided linear spaces [17] . The inverse operator for supersymmetric models is given by:
where the following notation for monomials was used:
The further calculations base on the assumption that we consider the general operator of the order N − 1 with respect to the derivatives and on the associativity of the algebra of derivatives. The explicit solution of the condition (25) is enclosed in Appendix A. We modify the Γ operator due to the deformation of the Leibnitz rule (5, 22) and obtain the operatorΓ:
which for a pair of arbitrary functions f and g is connected with the Γ operator by the equality:
The immediate consequence of the Proposition 2.1 is therefore the construction of conserved currents yielded by the following statement.
Proposition 2.2
Let us assume that function Φ is an arbitrary solution of equation (1, 2) with coefficients fulfilling (3) , that means:
and function Φ ′ solves the conjugated equation with the operator of the form (24) :
where the operatorΓ µ is defined by (30) , is a current which obeys the conservation law:
Proof: This is a corollary from the (31) property of theΓ operator, from the operator equation (25) for Γ and finally from the fact that functions Φ and Φ ′ fulfill the respective equations (1, 33) . Let us notice that the auxiliary conjugated equation for nonlinear model is now the linear one with respect to the solution Φ ′ :
The solution Φ ′ depends on the solution of the initial equation Φ which defines the potential for the conjugated equation Λ 0 (Φ). Now the interesting question arises whether the presented construction which works on a wide class of spaces can be extended to equations with operators including both ∂ and ∂ † derivatives. As we know from discrete models (see for example [5, 6] ) the equations depend explicitly on the forth-and backshifts along the lattice. Also the equations of motion built within the framework of generalized difference derivatives (7) (which was discussed in [9, 11] ) include both initial and conjugate derivatives as a consequence of the minimal action principle. The method of derivation of the conserved currents for the discrete and mixed models shall be described in the next section. It is based on the fact that acting on functions of commutative coordinates the operators (6) and (7) yield two symmetric formulas for the Leibnitz rules (both for initial and conjugated derivative).
3 Conserved currents and charges for discrete and mixed models depending on the ∂ and ∂ † derivatives Our aim is now to extend the construction described in Propositions 2.1 and 2.2 to the equations depending on the initial and conjugated derivatives of the form:
Following the previous considerations we restrict the class of equations to variable coefficients fulfilling the extended version of the condition (3):
for all l = 1, ..., N and k = 1, ...,Ñ.
We include the nonlinear equations provided the nonlinear terms do not depend on the derivatives that means they have a form of potential:
As we shall see in the subsequent sections the class of equations fufilling (40) contains the widely studied in different context linear auxiliary equations connected with nonlinear integrable models such as principal chiral model and equations of nonlinear Toda lattice models. The important factor in our calculations is the fact that for discrete (or mixed -classical and discrete) differential calculus we can write the modified Leibnitz rule symmetricaly in the following form:
The second of the above equations indicates that the statement analogous to the Proposition 2.1 holds for the operatorΛ(∂ † ); namely we shall prove that the operator equation given below has the unique solution by virtue of Proposition 3.1:
where the conjugated operatorΛ( ← ∂ ) looks as follows: 
The formula (46) is the immediate consequence of the proof of Proposition 2.1 enclosed in Appendix A as the following connections between derivatives and transformation operators hold:
We notice that ζ − is the transformation operator for the derivative ∂ † , the operator ζ being its inverse. Therefore all the calculations from the proof of the Proposition 2.1 can be repeated with suitable replacements. In this way we obtain the formula for theΓ operator (46) which is simply the (26) operator with new derivatives ∂ † and ← ∂ and the operator ζ acting now as the inverse transformation operator. We modify the operatorΓ similarly as in (30) and obtain the operatorΓ:
which in turn fufills the equality:
for a pair of arbitrary functions f and g. We can use the constructed operatorsΓ andΓ to derive the conserved currents by the following proposition:
Proposition 3.2 Let us assume that the function Φ is an arbitrary solution of equation (37) with coefficients fulfilling (40) which means:
and the function Φ ′ solves the conjugated equation with operators (24, 45) :
Then:
where the operatorsΓ andΓ are given by (30,50) is a current that obeys the conservation law:
The conservation law (55) is implied by the properties (31, 51) of the applied operatorsΓ andΓ:
The components of the conserved current for (37) fulfilling the condition (40) can be written also in the form:
They obey the conservation law including only the ∂ derivatives:
provided Φ is the solution of (37) and the function Φ ′ solves the conjugate equation with operators (24, 45) .
Let us notice that the presented construction holds when we work within the framework of classical commutative differential calculus (for which the conjugation means ∂ † = −∂ and the transformation operator is the identity) as well as for mixed models where part of the coordinates is continuous and the other part is discrete with suitable difference derivatives in the form (6) or (7) . In the sequel we shall use the construction (30, 50, 54) in order to derive the conserved currents and in consequence the conserved charges for mixed discrete nonlinear Toda model and for double discrete Toda model as well. As we know from the classical field theory we can use the conserved currents in construction of the conserved charges. This is also the case for our discrete and mixed discrete models with derivatives defined by (6) or (7). We shall integrate the time component of the conserved current over subspace excluding the time-coordinate. We use in derivation the conserved currents given by Proposition 3.2 or accordingly by the Corollary 3.3 if the conjugated derivative with respect to time-coordinate appears in the model. Integrating we must remember to take the corresponding integral namely for continuous coordinates we understand dx i as the Lebesque integral while for the discrete derivative (6) the definite integral is given by:
If the equation includes the discrete derivative of the type (7) we use the definite integral in the form:
In the above formulas for discrete integrals the ζ i is the shift operator in the direction i along the lattice. Let us denote the integral over subspace with excluded time-coordinate as sub . Then the conserved charges for discrete and mixed discrete models with variable coefficients can be derived using the following proposition: 
where J t is the time component of the conserved current described in the Proposition 3.2 is conserved:
Proof:
The conservation of the charge (61) is implied by the conservation law from Proposition 3.2 namely:
= boundary terms = 0 provided the currents vanish at the infinity in the corresponding space-like dimensions. We have used here also the property of the discrete and mixed discrete differential calculus:
Let us point out that the equality (64) does not apply in general to noncommutative spaces (the superspace being an exception) and this fact is the major difficulty in construction of the conserved charges for an arbitrary model on noncommutative space [14, 16] . If in the equation (37) Let us start with the simple example of the second order equation on quantum plane with coefficients depending on coordinates x and y. The commutation relations for derivatives and coordinates look as follows [17] :
The Leibnitz rule (5) in differential calculus is defined by the following Rmatrix:
Form the above matrix we can deduce the explicit action of the transformation operator ζ on the monomials of the first order (11) . It yields the following formulas for the inverse transformation ζ − :
The conjugated derivatives are defined using the inverse transformation operator:
Now let us discuss an arbitrary equation of the second order with the coefficients depending on x and y and check which of them fufill the condition (3):
The condition (3) for our simple case reads as follows:
Let us assume Λ xy = Λ yx = 0. Then we can show that Λ xx = φ(y) and Λ yy = ψ(x) obey the conditions (3), namely:
Now we can apply our construction to obtain the Γ operator:
It is easy to check that this operator fulfills the operator equation (25):
where the operator Λ( ← ∂ ) gives the conjugated equation:
The modifiedΓ operator is given by the formula:
Having the explicit form of the Γ andΓ operators we can construct the conserved currents:
where the functions Φ ′ and Φ solve the respective equations:
According to the Proposition 2.2 the above current obeys the conservation law:
provided functions Φ ′ and Φ are the solutions of the corresponding equations (82, 83).
Nonlinear equation of motion for chiral and antichiral supermultiplets
The supersymmetric models in the superfield formulation yield interesting examples of the equations of motion with coefficients depending on variables [2, 25] . Let us recall that in such a framework the fields depend on superspace coordinates including the space-time and spinor variables while in construction of the action the covariant derivatives are used which explicitly depend on spinor coordinates. We shall study in this section the D=4 N=1 chiral and antichiral superfields obeying the nonlinear equation of motion resulting from the supersymmetric action:
(85) The integration over spinor variables θ andθ can be expressed in terms of the covariant derivatives:
The covariant derivatives used in supersymmetric models are built from the basic derivatives with respect to the space-time and spinor coordinates:
Due to the fact that chiral Φ and antichiralΦ superfields fulfill the following condition:Dα Φ = 0
we obtain from the action (85) the equations of motion in the form:
We have written the equations for the superfields Φ andΦ in the matrix form. In this example we deal with the coefficients of the equation depending explicitly on θ andθ variables due to the form of the covariant derivatives (88, 89):
The second important feature of the chiral-antichiral superfield equation of motion is its nonlinearity for g = 0. However the nonlinear term does not depend on the derivatives so we can apply our method of derivation the conservation law provided the condition (3) for the kinetic part of the operator is fulfilled. Let us extract the ζ and ζ − operators from the Leibnitz rule for basic derivatives:
It is clear that ζ µ ν = δ µ ν and the following components of the transformation operator vanish:
The remaining components of the ζ operator are defined by its action on the monomials of the first order in superspace variables:
The analogous formulas hold also for dotted indices. Hence we get for the inverse transformation operator:
with the corresponding expressions with dotted indices of the same form. Now having the explicitly derived inverse transformation operator we arrive at the conjugated derivatives given by the formulas:
Using the conjugated derivatives we obtain the condition (3) written for our equation for the chiral and antichiral superfields:
One can easily check that the above conditions are fulfilled using the explicit form of the coefficients from equation (91): 
The next step is therefore the application of the general formula (26) for the Γ operator to our model:
The operatorΓ differs from the Γ by insertion of the ζ − operator in the middle of the monomials of derivatives:
We apply the obtained operatorΓ to derive the currents:
which obey the conservation law:
provided the fields used in construction fulfill the corresponding equation of motion (91) and the pair of superfieldsΦ ′ and Φ ′ its conjugated version:
Let us notice that this equation is linear with respect to superfieldsΦ ′ and Φ ′ and its solution depends on the potential given by the chiral and antichiral superfields Φ andΦ. Due to the properties of covariant derivatives built form the selfconjugated operators we conclude that the conjugated set of equations for superfields (Φ ′ , Φ ′ ) has at least following solutions:
• for the case g = 0 we can takeΦ ′ = Φ and Φ ′ =Φ where Φ andΦ are solutions for (91),
• when g = 0 the superfieldΦ ′ is an arbitrary solution of chiral and Φ ′ of antichiral part of the set of equations (91).
The above solutions give in turn the explicit form of the conserved currents (116-118) where we replace the multiplet (Φ ′ , Φ ′ ) with (Φ,Φ) for g = 0 and with (δΦ, δΦ) for g = 0. Let us notice that for linear model g = 0 we obtain the full set of conserved currents connected with symmetry operators of chiral-antichiral supermultiplet equation:
where the symmetries δ include supersymmetric transformations:
and the operators from Poincarè algebra: momenta, angular momentum and boosts for four-dimensional Minkowski space. We can use the obtained conserved current (116 -118) to construct the integral of motion by integrating the time-component of the current (116) over the subspace:
as the following equality holds:
Let us point out that the developed method allows immediate construction of conserved charges. The obtained charges are supermultiplets built from component charges which are also conserved separately. The application of our method to the equations obeying the condition (3) is an alternative to the procedure used in supersymmetric models (see for example [1] for chiral superfields and [7] for supersymmetric principal chiral model) where the conservation laws include covariant spinor derivatives D andD instead of basic derivatives ∂ µ , ∂ α and∂α which we have used. The consequence of the fact that the time-derivative does not appear explicitly in the conservation law is an additional procedure required to derive the component conservation laws and conserved charges.
Nonlinear integrable models and their consistency condition 4.3.1 Principal chiral model equation
We shall discuss the application of the construction given by Propositions 2.1 and 2.2 to the classical problem of nonlocal conserved currents and charges for the principal chiral model. The model is built using the commutative differential calculus, nevertheless its linearized version yields an interesting example of the linear equation with coefficients fulfilling the condition (3). Dimakis and Müller-Hoissen [5, 6] treated this case within their framework of the gauged bi-covariant noncommutative differential calculus and obtained the linearized version of the equations in the form:
where χ is an N × N matrix of smooth functions depending on t and x while the field g denotes the principal chiral field and the initial nonlinear equation of the principal chiral model looks as follows:
In the paper [6] the integrability condition for the set (127,128) was used and it appeared that it is first order in derivatives therefore yields the conservation law with currents linear with respect to the field χ and depending on the λ parameter.
We propose in addition to consider the consistency condition derived from the set (127,128) which has the following form:
As we see the operator of this equation is free of the parameter λ and the condition (3) becomes identical with the principal chiral model equation (129):
the remaining coefficients Λ of the operator Λ(∂) being constant. The conjugated equation for (130) together with connected conjugated set for (127, 128) look as follows:
We work in this example with classical commutative basic derivatives so the transformation operator is simply the identity operator and the operators Γ andΓ coincide:Γ
Our consistency condition allows the construction of the conserved current according to the Proposition 2.2. The conserved current is given by the derived operator Γ and the solution χ of the equation (130) while χ ′ denotes the solution of the conjugated equation (132-134):
where we have denoted as δ the symmetry operator of the equation (130). The operator δ can be derived using the extended vector fields method described in [21] . We have checked that the following operators transform solution χ of the consistency condition (130) into solution δχ:
where C is a constant matrix N × N.
The above symmetry operators of the equation (130) imply the following currents:
which are conserved:
thereby yielding the conserved charges after the integration of the timecomponents of the curents (139) with respect to the space variable x:
where the operator Γ t is given by formula (136). Now following [6] we can expand the fields χ and χ ′ in terms of powers of the parameter λ and obtain the infinite set of conserved charges connected with the nonlinear equation (129) of the principal chiral model:
Using equations (127, 128) and (133,134) we arrive at the following set of equations for coefficients χ (m) and χ ′(m) (we assume after [6] that χ (0) , χ (1) , χ ′(0) and χ ′(1) are the unital N × N matrices):
which give after solution:
Inserting the solution (151,152) into the conserved currents (139) we obtain after expansion with respect to the parameter λ the infinite tower of conserved charges for the field g of the principal chiral model:
Generalization of the principal chiral model equation
We can easily extend the results of the previous section to the case of the principal chiral model with the fields depending smoothly on variables t, x and y. Let us recall the linearized version for N × N matrices χ with entries depending on the mentioned variables [6] :
with the conjugated set looking as follows:
The integrability condition of the set (157,158) yields the currents discussed in [6] . Following the previous example we propose to investigate the consistency condition for (157,158) which becomes:
with its conjugation in the sense (24) of the form:
The principal chiral model equation coincides with the condition (3) for variable coefficients:
We can write down the components of the Γ operator taking into account that due for the fact of the basic derivatives being commutative, the transformation operator is the identity so the operators Γ andΓ coincide:
The current built using the above operators and the solutions χ and χ ′ of the respective equations (157 -160) looks as follows:
with δ being the symmetry operator from the set:
where C is a constant N × N matrix. According to the Proposition 2.2 the currents (167) obey the conservation law:
Thus the currents (167) produce the infinite tower of conserved charges similarly to the previous case. After expansion of the fields χ and χ ′ in terms of powers of the parameter λ (145) we obtain:
where the explicit expressions for the component fields given by the set of equations (157 -160) look as follows ( with χ (0) , χ (1) , χ ′(0) and χ ′(1) being the unital N × N matrices as before):
Nonlinear Toda lattice equation
The interesting case of application of the Proposition 3.2 is the linear set of equations which originates from nonlinear Toda lattice equation. The set of auxiliary equations derived in the paper [6] from gauged bicovariant differential calculus reads as follows:
where we have used our notation for the transformation operator which for the mixed model like the one considered in this section is simply shifting along the lattice ζf k = f k−1 with respect to the space-like dimension. Again we shall discuss the consistency condition which for the set of equations (177,178) becomes an equation of second order including classical derivative with respect to the time-variable and the discrete one with respect to the space-lattice variable:
and the operator δ is now the symmetry operator of the conjugated equation (190) .
We proceed taking integrals with respect to the discrete spatial variable (we have denoted it as x) and obtain the charges:
which are also conserved:
In the above formula we understand the discrete definite integral dx as given by (59). Analogously to the examples for principal chiral model we can check that the following operators transform solution χ ′ of the equation (190) into the solution δχ ′ :
where the indefinite discrete integral ∂ −1 is given by:
and c is a constant. The derived symmetries of the equation (182) lead to the following expressions for charges:
After expanding the solutions χ with respect to powers of the operators λζ and χ ′ in terms of λ ← ζ − we shall be able to rewrite the expressions (191) as infinite set of conserved charges:
where the components χ (m) read as follows:
Nonlinear Toda lattice equation -generalization
Our next example is the generalization of nonlinear Toda model sketched in [6] . The functions depend now smoothly on one time variable t, one spacelike variable y and one discrete space-like coordinate x. The bicovariant differential calculus is in this case defined as follows [6] :
where X and Y are matrices with entries being smooth functions of t and y and discrete in the coordinate x. The condition δA = 0 leads to the following generalizd Toda model nonlinear equations:
The linear version for auxiliary field χ can be deduced following [6] from the set of equation given by:
and looks as follows:
We can rewrite the above set of equations using our notations:
and they are given by the formulas:
The consistency equation for the above set of equations reads as:
Let us check the condition (3) for the variable coefficients of the operator of the equation:
As before our equation fulfills the restriction (3) due to the fact that X and Y obey the generalization of the nonlinear Toda model (204). The condition (40) also holds as the coefficient for the derivative ∂ † is constant. Similarly to the previous examples we can apply the Propositions 3.1 and 3.2 for the discrete models depending on initial and conjugate discrete derivatives. In this way we obtain theΓ operator in the form:
We use the above components of theΓ andΓ operators to construct the respective components of the currents:
where we have denoted δ as the symmetry operator of the conjugated equation (220) and χ is the solution of (212 -214) while χ ′ solves its conjugation:
As the currents fulfill the conservation law:
they yield the conserved charges (with the integral dx in the sense of (59)):
Following the procedure applied earlier we expand the solutions χ and χ ′ in terms of powers of the operator λζ and λ
After assuming the first components in the form of the unital N × N matrix:
we obtain the following equations for the subsequent components:
Inserting the expansion (223) into the expressions for currents and charges we arrive at the infinite towers of the conserved currents and charges:
with the following explicit expressions for the components of the fields χ:
and the initial solutions for the conjugated equation (220) related to the symmetry operators in the form:
with C being a constant N × N matrix.
Double discrete nonlinear Toda lattice equation
Let us end the review of the integrable models with fully discrete Toda lattice equation. The set of auxiliary linear equations given in [5] has the following form:
We rewrite the above equations using our notation:
and δ is the symmetry operator for the conjugated equation. Following the Corollary 3.3 we can reformulate the currents (246) in order to obtain the conservation law including only the ∂ derivatives:
The current J ′ obeys the conservation law:
Now we apply the (57) version of the conserved current so as to obtain the conserved charges:
where the integral dx is defined as in (59).
Final remarks
We have discussed the method of derivation of the conservation laws for a class of equations with variable coefficients. It can be applied to models built using supersymmetric, discrete, mixed discrete and noncommutative (quantum Minkowski or braided) differential calculus. The conserved charges were constructed explicitly for considered supersymmetric and discrete equations. The problem of derivation of such charges for noncommutative models is open. The integration over noncommutative spaces namely braided linear space (including q-Minkowski) is well developed [3, 4, 8, 14] but subintegrals and commutation rules for subintegrals and derivatives need further study. In particular the generalized version of the property (64)
must be derived. As we have shown for models on quantum planes [14] it is crucial in the construction of the conserved charges. 
where the coefficients a k depend on the coordinates x. The condition (25) from the section 2 applied to the above polynomial yields the equations for coefficients a The procedure is analogous to the one used in the proof of the Proposition 4.1 from [13] which describes the derivation of conservation law for the equation with constant coefficients or fulfilling the strong condition (see (23) and (24) 
with l = 1, ..., N − 1 k = 0, ..., l − 1. We see that the equations (255, 256, 260) yielded by the coefficients of the conjugated equation differ from the case studied earlier in [12, 13] . We begin to solve this set of equations by deriving the coefficients a 
This solution for initial coefficients allows us to evaluate the remaining ones using (259,260), namely we obtain the a 1 coefficients after writing the subset 
The same method applied to subsets of (259,260) for k = 1, ..., N −2 produces the unique solution of the set of equations for coefficients in the form: The derivation of the explicit formulas for unique solution of the coefficients of the operator Γ µ concludes the proof of Proposition 2.1. Let us notice once more that in the derivation of coefficients for the Γ µ operator the crucial factors were the properties of coefficients of the equation (1 -3) which enabled us to solve the equation (25) in the explicit form.
